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Introduction 

It is known that by the study of various research papers [1-22] that 
the nature is nonlinear and is observed multi rich dynamics. In the research 
paper [1] for the given biological food system global and local behaviour 
has been investigated under the biological feasible range of parameters. In 
this paper it is observed existence of hopf bifurcation analytical and 
numerical.  
Review of Literature 

A lot of research work has been carried out on ecological systems 
comprising of food chains and food web of variable lengths [01-22]. The 
underlying nonlinear equations have complex dynamical behavior: hopf 
bifurcation, quasi-periodic behavior. The chaos is not frequently observed 
and the models reveal quasi periodic nature of the solution. Due to indirect 
competition between two predator species, one or more species may 
undergo extinction.  
Aim of the Study 

We have to study quasiperiodic, hopf bifurcation solutions of the 
nonlinear model [1].  
The Mathematical Model 

The transformed non-dimensional form of the biological food web 
[1] is given  

1 31

1 1 1 1 1 2 3

2 1 3 2

5 32

2 2 4 2 2 1 2 3

3 2 2 1

2 23 7 7

6 3 6 3 3

8 1 9 2 1 2 1 2 3 2

(1 - - ) ( , , )
1

[(1 - ) - ] ( , , ) (1)
1

(1 - ) (1 - )
1 1

w yd y
y y y f y y y

d t w y w y

w yd y
y y w y f y y y                                             

d t w y w y

d y w w
w y w y y f

d t w y w y w y w y 

 
 

 
 

  
   

3 1 2 3
( , , )y y y

0 , 1, 2 , 3, 4 , 5 , 6 , 7 ; 0 , 1, 2 , 3 ;
i i

w i y i   
1 2

  . 

Mathematical Analysis  

            The system can be splitted into two disconnected 
Kolmogorov food sub webs [1]  
Lemma 1 

 Consider the domain 
1 1 3 1 1 3

{ ( , ) : 0 1, 0 }D y y  y y  y      

and 
2 2 3 2 2 3

{ ( , ) : 0 1, 0 } ,D y y  y y  y     he sub webs of (1) in [1] 

is Kolmogorov  in the domain D1 and domain D2 under the following 
conditions:        

Abstract 
 The mathematical model in the form of food web consisting of 

two logistic preys and a predator is taken from [1]. Modified Leslie-Gower 
type dynamics is considered for the predator [1]. The model is analyzed 
mathematically [1]. Analysis of nonzero positive equilibrium gives 
conditions for persistence [1]. The existence of Hopf bifurcation has been 
observed in range of biological feasible values for the key parameters. 
This paper is the extended part of published research paper [1]. 
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 The proof of the theorem given for existence of positive equilibrium point and stability is established in [1]  
Theorem 

The system (1) has positive equilibrium point under (2) and (3) provided one of the following is 

satisfied [1]: 
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Theorem 

The positive equilibrium point is locally asymptotically stable provided the following are 

satisfied simultaneously [1]: 
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The following theorem [1] gives the conditions for the global stability of positive nonzero equilibrium  point. 
Theorem 

The positive equilibrium point is globally asymptotically stable provided the following are 

satisfied[1]: 
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Hopf’s Analysis of the Food Web  
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The characteristic equation of variational matrix is 
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Applying Routh’s criteria  
0

0a   provided  0)(
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 aa  , that is, 
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0 , 0a a  . Also
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0
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a a - a  . Therefore positive nonzero equilibrium point is locally asymptotically stable. None of the roots of 

equation (9) is zero as
 0

0a  . Substituting  i  into (19), the real and imaginary partitions of the results 

lead to the following conditions:              (i) 
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(i) and (ii) and (19) results that a pair of purely imaginary roots  
1

 i a  and a real root “
0

a ”. 

Transversality condition: - Let the characteristic equationbesuch that it contains a real root, say
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purely imaginary roots
' '

1 1 2λ = λ ± i λ : 

   

1 1 1
 ( - )( - )( - ) 0 .c       

or
2 2

3  ' 2   '  

1 1 1 1 1 1 1
( 2 ) ( 2 ) 0c c c               (10)  

 Comparing the coefficients of (15) and (16) gives  
' ' ' 2

1 0 1 2 1 1 0
( - - 2 ) - 2 ( 2 )

   

  
a a a a       (11)                 

Differentiating (11) with respect to bifurcation parameter
7

w , and substituting



77

ww   and  
 '

1 7
0w


  yields 

[11]: 

*

7 7

01 2

0 1'

7 7 71

2

7 0 1

( - )

-
2 ( )

 

   

 w w

aa a
a a

w w w

w a a





 


  


 
  (12) 

202 1 1

0 1 1 2 2 1 1 2 2 3 3 1

7 7 7 7

2 32

1 2 2 1 1 2 1 4 3 2 2 1 3 2 3 1 1

7 7

4 1 2 2 1

1 2 3 1 3 2 2 3 1 4 2 1 0 3 2 3 1 2 0

7 7 7

3 1 3 2

1 2 4 1 3

7

- - { ( - 2 - - )

( - 2 - - ) ( - )

( - ) ( ) ( )

( - )

 

  

aa a m
a a a a m m m m a

w w w w

mm
a a m m m m a a a a m

w w

m a a
a a a m a m a a a m a a

w w w

a a
a m m m

w

  


   


 
 

  
    
  

 
 
 

2 1 3 2 4

7

( - )} ;a m m m
w

   (13)  

).(
ŷ

;
ŷ
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 Numerical Simulation 
              Numerical simulations of the underlying 
non-linear system are carried out. The numerical 
values for various parameters are selected 
according to the mathematical restrictions 
obtained from the Kolmogorov analysis. These 
ensure that the parameters take biologically 
relevant values only.  
Numerical results for hopf analysis with respect 

to 
7

w  is shown for the following data: 
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The nonzero positive equilibrium point 

(0 .3 5 4 9 ,  0 .5 5 5 7 ,  0 .4 2 0 0 )  is asymptotically 

stable as
1 0 2

- 0 .0 6 7 1 0  
 

a a a    . The analysis 

has established the existence of Hopf bifurcation. To 

get the value of  
7

w  where it occurs, the values of 

expression 1  0 2a a - a  are computed as function of 

7
w  and are shown in the table 1. The Hopf 

bifurcation occurs in the neighborhood of
7

1 .3 5w  .  

The variational matrix at the Hopf bifurcation point

7
1 .3 5  w  is given as 

 

  - 0 .0 7 3 5          0 .1 0 4 0        - 0 .3 1 7 9

    0 .1 8 3 6         - 0 .2 7 1 9        - 0 .6 0 8 1

    0 .1 5 6 9          0 .0 5 6 7          0
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 
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Table 1: Values of  1  0 2a a - a  vs 
7

w  

7
w  1.40 1.38 1.37 1.36 1.35 1.34 1.29 

1  0 2a a - a

 

0.0054 0.0029 0.0019  9 .36e-04

 

1.14e-04  -5 .939e-04  -0.0026 

 

The eigenvalues of the above variational matrix are -0 .0003  +  0 .2916i ,   -0.0003 -0 .2916i, and -0.3448. The 

eigenvectors corresponding to eigenvectors at the hopf bifurcation point
7

w =1.35 are given as  

 0.5169 - 0.2759i                 0.5169 + 0.2759i                     0.3517           
  0.6826                                 0.6826                                   -0.9361           
 -0.1488 - 0.4107i                -0.1488 + 0.4107i                   -0.0061           
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Transversality condition at the hopf bifurcation point

7
w =1.35 is computed as 
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The transition in the global behavior in phase space is shown in fig 1. The fig. 2 show the three time series for 
7

w = 

1.29. The equilibrium point is stable at 
7

w = 1.40 [1], while there is a limit cycle for 
7

w = 1.29. 

 

             (a)
7

w =1.38                                                (b)
7

w =1.37   (c)
7

w =1.36 

 

              (d)
7

w =1.35                 (e)
7

w =1.34                                         (f) 
7

w =1.29 

Fig. 1. Different phase plots with varying values of
7

w  

  

 Fig. 2. Time series for 
7

w =1.29 

Conclusion 

Further, it is observed that quasi-periodic 
behavior is obtained instead of limit cycle due to 
relaxation of the constraint considered.The 
existence of Hopf bifurcation analysis with 
varying key parameter is investigated numerically 
and analytically. Numerical integration of the 
food-web non-linear system is carried out under 
the Kolmogorov biologically feasible conditions. 
The limit cycle attractor is found.  
References 
1. Brahampal Singh and Gakkhar, S., The Global 

Dynamical Behavior of Food Web of Two Logistic 
prey and Modified Leslie- Gower type Predator, 

Asian Resonance Journal, P: ISSN No. 0976-
8602 RNI No.UPENG/2012/42622 ,  E: ISSN No. 
2349-9443: page no:33-39, Volume- 8, Issue -1, 
January 2019.. 

2. Gakkhar, S. and Naji, R. K., Existence of chaos in 
two-prey, one-predator system, Chaos, Solitons 
& fractals, Vol. 17, 639-649 (2003). 

3. Gakkhar, S. and Naji, R. K., On a food web 
consisting of a specialist and a generalist 
predator, Journal of biological Systems, Vol. 11, 
365-376 (2003).  

4. Gakkhar, S. and Naji, R. K., Order and chaos 
in a food web consisting of a predator and 
two independent preys, Communications to 



 
 
 

 
 

E-6 

 

  
 

 
P: ISSN NO.: 2321-290X                     RNI : UPBIL/2013/55327                                                     VOL-6* ISSUE-9*  May- 2019    

 E: ISSN NO.: 2349-980X          Shrinkhla Ek Shodhparak Vaicharik Patrika 

 Nonlinear Science and Numerical 
Simulations, Vol. 10 ,105-120 (2005).  

5. Gakkhar, S. and Singh, B., Complex Dynamics in 
a Food Web Consisting of Two Preys and a 
Predator, Chaos, Solitons and Fractals Vol. 24, 
779-801 (2005). 

6. Hassard, B.D., Kazarinoff, N.D. and Wan, 
Y.H. Theory and Applications of Hopf 
bifurcation. (Cambridge University Press, 
1981). 

7. Hsu, S.B., Hwang, T.W.  andKuang, Y. , Rich 
dynamics of ratio-dependent one-prey two-
predators model, Journal of Mathematical 
Biology , Vol. 43, 377-396 (2001).  

8. Hutson, V. and Vickers, G.T., A Criterion for 
Permanent Coexistence of Species, with an 
Application to a Two-Prey One-Predator 
System, Mathematical Biosciences, Vol. 63, 
G.T. 253-269 (1983). 

9. Jon D.Pelletier, Are large complex ecosystems 
more unstable? A theoretical reassessment with 
predator switching, Mathematical Biosciences 
163:91-96 (2000). 

10. Kesh, D., Sarkar, A.K. and Roy, A.B., 
Succession processes in a food web of a two 
autotrophy-one herbivore system, 
BioSystems, Vol. 57, 129-138 (2000).  

11. Klebanoff, A. and Hastings, A., Chaos in 
One-Predator, Two-Prey Models: General 
Results from Bifurcation Theory, 
Mathematical Biosciences, Vol. 122, 221-233 
(1994). 

12. Koch, A.L., Competitive coexistence of two 
predators utilizing the same prey under 
constant environmental conditions, Journal 
of Theoretical Biology 44: 387-395 (1974). 

13. Kumar, S., Srivastava, S.K. and  
Chingakham, P., Hopf bifurcation and 

stability analysis in a harvested one-
predator-two-prey model, Applied 
Mathematics and Computation, Vol.  
129,107-118 (2002). 

14. May, R. M., Stability and Complexity in 
Model Ecosystems, (New Jersey Princeton 
University Press, Princeton, 1974).  

15. Moiola, J. L. and Chen G, Hopf bifurcation 
analysis, (World Scientific 1996).  

16. Owaidy, H.El and Ammar, A.A., Mathematical 
Analysis of a Food-Web Model, Mathematical 
Bioscience, Vol. 81,213-227 (1986). 

17. Peng Feng and Yun Kang ; Dynamics of a 
modified Leslie–Gower model with double 
Allee effects; Nonlinear Dynamics  80(1-
2):1051-1062, April 2015.  

18. Pimm, S.L., Food webs, (Chapman and Hall, 
London, England, 1982). 

19. Polis, G. A. and Winemillr, K. O. (eds) 
Nonlinear food web models and their 
response to increased basal productivity, in 
Food webs: Integration of Patterns and    
Dynamics, (Chapman and Hall, New York, 
1996), 122-133 

20. Takeuchi, Y., Global dynamical properties of 
Lotka-Volterra systems, (World Scientific 
Publishing Co. Pte. Ltd, 1996).    

21. Yu, P., Simplest normal forms of Hopf and 
generalized Hopf bifurcations, International 
Journal of Bifurcation and Chaos Vol. 9, 
1917-1939 (1999). 

22. Zizhen Zhang,Ranjit Kumar Upadhyayand 
JyotiskaDatta;  Bifurcation analysis of a   
modified Leslie –Gower model Holling Type-
IV functional response and   nonlinear  prey 
harvesting, Advances in Difference 
Equations (a open springer journal) 2018 (1),  
April 2018. 

 
 
 

https://www.researchgate.net/journal/0924-090X_Nonlinear_Dynamics
https://www.researchgate.net/publication/324454584_Bifurcation_analysis_of_a_modified_Leslie-Gower_model_with_Holling_type-IV_functional_response_and_nonlinear_prey_harvesting
https://www.researchgate.net/publication/324454584_Bifurcation_analysis_of_a_modified_Leslie-Gower_model_with_Holling_type-IV_functional_response_and_nonlinear_prey_harvesting
https://www.researchgate.net/publication/324454584_Bifurcation_analysis_of_a_modified_Leslie-Gower_model_with_Holling_type-IV_functional_response_and_nonlinear_prey_harvesting
https://www.researchgate.net/journal/1687-1847_Advances_in_Difference_Equations
https://www.researchgate.net/journal/1687-1847_Advances_in_Difference_Equations

